
1 

 

2. PROBLEM DESCRIPTION 

�̇� = 𝐴𝑥 + 𝐵1𝑢1 + 𝐵2𝑢2 

𝑦 = 𝐶𝑥 

𝑥 ∈ ℝ𝑛 

𝑢1 ∈ ℝ𝑚1 

𝑢2 ∈ ℝ𝑚2 

𝑦 ∈ ℝ𝑝 

𝐽(𝑥(0), 𝑢1, 𝑢2) = ∫(𝑦𝑇𝑄𝑦𝑦 + 𝑢1
𝑇𝑢1 − 𝛾2𝑢2

𝑇𝑢2)𝑑𝜏

∞

0

 

𝑄𝑦 ≥ 0 

𝛾 > 0 

∫(𝑦𝑇𝑄𝑦𝑦 + 𝑢1
𝑇𝑢1)𝑑𝜏 ≤ 𝛾2 ∫ 𝑢2

𝑇𝑢2𝑑𝜏

∞

0

∞

0

 

𝑢2 ∈ 𝑙2[0,∞) 

(𝑢1
∗, 𝑢2

∗) 

𝐽(𝑥(0), 𝑢1
∗, 𝑢2) ≤ 𝐽(𝑥(0), 𝑢1

∗, 𝑢2
∗) ≤ 𝐽(𝑥(0), 𝑢1, 𝑢2

∗) 

𝑢1(𝑥), 𝑢2(𝑥) 

𝑢1
∗ = 𝑘∗𝑥 

𝑢2
∗ = 𝐿∗𝑥 

√𝑄𝑥

𝑇
√𝑄𝑥 = 𝑄𝑥 , 𝑄𝑥 = 𝐶𝑇𝑄𝑦𝐶 

𝑘∗ = −𝐵1
𝑇𝑃∗ 

𝐿∗ = 𝛾−2𝐵2
𝑇𝑃∗ 

𝑃∗ 
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𝐴𝑇P + PA + Q − P(𝐵1𝐵1
𝑇 − 𝛾−2𝐵2𝐵2

𝑇)𝑃 = 0 

3. OUTPUT FEEDBACK DESIGN FOR LINEAR DIFFRENTIAL ZERO-

SUM GAMES. 

THEORIM 1. 

�̅� = 𝑀1𝜔1 + 𝑀2𝜔2 + 𝑀3𝜔3 

𝑀𝑗
𝑖 =

[
 
 
 
 𝑎𝑗0

𝑖1 𝑎𝑗1
𝑖1

𝑎𝑗0
𝑖2 𝑎𝑗1

𝑖2

⋯ 𝑎𝑗(𝑛−1)
𝑖1

⋯ 𝑎𝑗(𝑛−1)
𝑖2

⋮ ⋮
𝑎𝑗0

𝑖𝑛 𝑎𝑗1
𝑖𝑛

⋮ ⋮
⋯ 𝑎𝑗(𝑛−1)

𝑖𝑛
]
 
 
 
 

 

𝑖 ∈ {1,2, … ,𝑚1}, {1,2, … ,𝑚2}, {1,2,… , 𝑝}, 𝑓𝑜𝑟 𝑗 = 1,2,3 

�̇�1
𝑖 = 𝐴𝜔1

𝑖 + 𝑏𝑢1
𝑖 , 𝜔1

𝑖 (0) = 0, 𝑖 = 1,2,… ,𝑚1 

�̇�2
𝑖 =  𝐴𝜔2

𝑖 + 𝑏𝑢2
𝑖 , 𝜔2

𝑖 (0) = 0, 𝑖 = 1,2,… ,𝑚2 

�̇�3
𝑖 = 𝐴𝜔3

𝑖 + 𝑏𝑢3
𝑖 , 𝜔2

𝑖 (0) = 0, 𝑖 = 1,2,… , 𝑝 

𝐴 =

[
 
 
 
 

0 1 0
0 0 1

… 0
… 0

⋮ ⋮ ⋱
0 0 0

−𝛼0 −𝛼1 …

⋱ ⋮
… 1
… −𝛼𝑛−1]

 
 
 
 

,   𝑏 =

[
 
 
 
0
0
⋮
0
1]
 
 
 

 

PROOF. 

𝑥 

�̇� = 𝐴𝑥 + 𝐵1𝑢1 + 𝐵2𝑢2 + 𝐹(𝑦 − 𝐶𝑥) = (𝐴 − 𝐹𝐶)�̂� + 𝐵1𝑢1 + 𝐵2𝑢2 + 𝐹𝑦 

𝑥 = (𝑠𝐼 − 𝐴 + 𝐹𝐶)−1𝐵1[𝑢1] + (𝑠𝐼 − 𝐴 + 𝐹𝐶)−1𝐵2[𝑢2]

+ (𝑠𝐼 − 𝐴 + 𝐹𝐶)−1𝐹[𝑦] + 𝑒(𝐴−𝐹𝐶)𝑡�̂�(0) 

 

𝑥 = ∑
𝑈1

𝑖(𝑠)

Λ(𝑠)
[𝑢1

𝑖 ]

𝑚1

𝑖=1

+ ∑
𝑈2

𝑖(𝑠)

𝛬(𝑠)
[𝑢2

𝑖 ]

𝑚2

𝑖=1

+ ∑
𝑌𝑖(𝑠)

𝛬(𝑠)
[𝑦𝑖]

𝑝

𝑖=1

+ 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0) 

𝑢1
𝑖  
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𝑢2
𝑖  

𝑈1
𝑖(𝑠) 

𝑈2
𝑖(𝑠) 

𝑌𝑖(𝑠) 

𝑠[𝑥] =
𝑑

𝑑𝑡
𝑥 

𝛬(𝑠) 

𝛬(𝑠) = 𝑑𝑒𝑡(𝑠𝐼 − 𝐴 + 𝐹𝐶) = 𝑠𝑛 + 𝛼𝑛−1𝑠
𝑛−1 + 𝛼𝑛−2𝑠

𝑛−2 + ⋯+ 𝛼1𝑠 + 𝛼0 

𝑈1
𝑖(𝑠)

𝛬(𝑠)
[𝑢𝑖] 

𝑈1
𝑖(𝑠)

𝛬(𝑠)
 

 

𝑈1
𝑖(𝑠)

Λ(𝑠)
[𝑢1

𝑖 ] =

[
 
 
 
 
 
 
 
 
𝑎1(𝑛−1)

𝑖1 𝑠𝑛−1 + 𝑎1(𝑛−2)
𝑖1 𝑠1(𝑛−2) + ⋯+ 𝑎10

𝑖1

𝑠𝑛 + 𝛼𝑛−1𝑠
𝑛−1 + 𝛼𝑛−2𝑠

𝑛−2 + ⋯+ 𝛼0

𝑎1(𝑛−1
𝑖2 𝑠𝑛−1 + 𝑎1(𝑛−2)

𝑖2 𝑠𝑛−2 + ⋯+ 𝑎10
𝑖2

𝑠𝑛 + 𝛼𝑛−1𝑠
𝑛−1 + 𝛼𝑛−2𝑠

𝑛−2 + ⋯+ 𝛼0

⋮
𝑎1(𝑛−1)

𝑖𝑛 𝑠𝑛−1 + 𝑎1(𝑛−2)
𝑖𝑛 𝑠𝑛−2 + ⋯+ 𝑎10

𝑖𝑛

𝑠𝑛 + 𝛼𝑛−1𝑠
𝑛−1 + 𝛼𝑛−2𝑠

𝑛−2 + ⋯+ 𝛼0 ]
 
 
 
 
 
 
 
 

  [𝑢1
𝑖 ]

=

[
 
 
 
 𝑎10

𝑖1 𝑎11
𝑖1

𝑎10
𝑖2 𝑎11

𝑖2

⋯ 𝑎1(𝑛−1)
𝑖1

⋯ 𝑎1(𝑛−1)
𝑖2

⋮ ⋮
𝑎10

𝑖𝑛 𝑎11
𝑖𝑛

⋮ ⋮
⋯ 𝑎1(𝑛−1)

𝑖𝑛
]
 
 
 
 

≜ 𝑀1
𝑖𝜔1

𝑖  

 

𝑀1
𝑖 ∈ ℝ𝑛×𝑛 

𝜔1
𝑖 ∈ ℝ𝑛 

�̇�1
𝑖 = 𝐴𝜔1

𝑖 + 𝑏𝑢1
𝑖 ,   𝜔1

𝑖 (0) = 0 
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𝐼 = 0,1,… ,𝑚1 

𝜔1 = [(𝜔1
1)𝑇(𝜔1

2)𝑇 …(𝜔1
𝑚1)

𝑇
]
𝑇

∈ ℝ𝑚1𝑛 

𝑀1 = [𝑀1
1𝑀1

2 …𝑀1
𝑚1] ∈ ℝ𝑛×𝑚1𝑛 

�̇�2
𝑖 =  𝐴𝜔2

𝑖 + 𝑏𝑢2
𝑖 , 𝜔2

𝑖 (0) = 0 

�̇�3
𝑖 = 𝐴𝜔3

𝑖 + 𝑏𝑢3
𝑖 , 𝜔2

𝑖 (0) = 0 

𝑢2
𝑖 , 𝑖 = 0,1,… ,𝑚2 

𝑦𝑖 , 𝑖 = 0,1,… , 𝑝 

𝑥 = 𝑀1𝜔1 + 𝑀2𝜔2 + 𝑀3𝜔3 + 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0) 

𝑒 = 𝑥 − 𝑥 = 𝑒(𝐴−𝐹𝐶)𝑡𝑒(0) 

𝑥 = 𝑀1𝜔1 + 𝑀2𝜔2 + 𝑀3𝜔3 + 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0) 

 

 

Remark 1. 

 

𝜔�́�𝑠 

𝑀𝑗
́ 𝑠 

𝑎𝑗𝑙
𝑖𝑘 

𝑈1

Λ(𝑠)
,

𝑈2

𝛬(𝑠)
,

𝑌

𝛬(𝑠)
 

(𝐴, 𝐵1, 𝐵2, 𝐶, 𝐹) 
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Proof. 

 

(𝑠𝐼 − (𝐴 − 𝐹𝐶))−1𝑓[𝑦] =
𝐷𝑛−1𝑠

𝑛−1 + 𝐷𝑛−2𝑠
𝑛−2 + ⋯+ 𝐷0

𝛼𝑛−1𝑠
𝑛−1 + 𝛼𝑛−2𝑠

𝑛−2 + ⋯+ 𝛼0
𝐹[𝑦]

= [𝐷0𝐹 𝐷1𝐹 … 𝐷𝑛−1𝐹]

[
 
 
 
 
 
 
 

1

𝛬(𝑠)
[𝑦]

𝑠

𝛬(𝑠)
[𝑦]

⋮
𝑠𝑛−1

𝛬(𝑠)
[𝑦]

]
 
 
 
 
 
 
 

≜ 𝑀3𝜔3 

 

𝐷𝑛−1 = 𝐼 

𝐷𝑛−2 = (𝐴 − 𝐹𝐶) + 𝛼𝑛−1𝐼 

𝐷𝑛−3 = (𝐴 − 𝐹𝐶)2 + 𝛼𝑛−1(𝐴 − 𝐹𝐶) + 𝛼𝑛−2𝐼 

         ⋮ 

𝐷0 = (𝐴 − 𝐹𝐶)𝑛−1 + 𝛼𝑛−1(𝐴 − 𝐹𝐶)𝑛−2 + ⋯+ 𝛼2(𝐴 − 𝐹𝐶) + 𝛼1𝐼 

𝐷𝑖, 𝑀3 

ρ(𝑀3) = 𝜌([(𝐴 − 𝐹𝐶)𝑛−1𝐹 + 𝛼𝑛−1(𝐴 − 𝐹𝐶)𝑛−2𝐹 …+ 𝛼2(𝐴 − 𝐹𝐶)𝐹 +

𝛼1𝐹,… , (𝐴 − 𝐹𝐶)𝐹 + 𝛼𝑛−1𝐹, 𝐹])      

 

ρ(𝑀3) = 𝜌([(𝐴 − 𝐹𝐶)𝑛−1𝐹,… , (𝐴 − 𝐹𝐶)𝐹, 𝐹])      

 

(A − FC, F) 
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𝑞𝑇[𝐴 − 𝐹𝐶 − 𝜆𝐼,    𝐹] = 0 

𝑞𝑇(𝐴 − 𝐹𝐶) = λ𝑞𝑇 , 𝑞𝑇𝐹 = 0,   𝑞𝑇A = λ𝑞𝑇 

𝑙𝑒𝑡𝑧 = [𝜔1
𝑇𝜔2

𝑇𝜔3
𝑇]𝑇 ∈ ℝ𝑁 

𝑀 = [𝑀1𝑀2𝑀2] ∈ ℝ𝑛×𝑁 

𝑁 = 𝑚1𝑛 + 𝑚2𝑛 + 𝑝𝑛 

𝑉∗ 

𝑥𝑇𝑝∗𝑥 

�̅�∗ = 𝑀𝑇𝑝∗𝑀 

�̅�∗ = 𝑧𝑇�̅�∗𝑧 

𝑢1
∗ = 𝑘∗𝑥 = 𝐾∗𝑀𝑧 + 𝑘∗𝑒(𝐴−𝐹𝐶)𝑡𝑥(0) 

𝑢2
∗ = 𝐿∗𝑥 = 𝐿∗𝑀𝑧 + 𝐿∗𝑒(𝐴−𝐹𝐶)𝑡𝑥(0) 

�̅�1
∗ = �̅�∗𝑧 

�̅�2
∗ = �̅�∗𝑧 

�̅�∗ = 𝐾∗𝑀 ∈ ℝ𝑚1×𝑁 

�̅�∗ = 𝐿∗𝑀 ∈ ℝ𝑚2×𝑁 

𝑥𝑇(𝑡)𝑃𝑖𝑥(𝑡) − 𝑥𝑇(𝑡 − 𝑇)𝑃𝑖𝑥(𝑡 − 𝑇)

= −∫ 𝑥𝑇(𝜏) (𝑄𝑥 + (𝐾𝑖)
𝑇
(𝐾𝑖) − 𝛾2(𝐿𝑖)

𝑇
(𝐿𝑖))

𝑡

𝑡−𝑇

𝑥(𝜏)𝑑𝜏

− 2∫ (𝑢1(𝜏) − 𝐾𝑖𝑥(𝜏))
𝑇
𝐾𝑖+1𝑥(𝜏)𝑑𝜏

𝑡

𝑡−𝑇

+ 2𝛾2 ∫ (𝑢2(𝜏) − 𝐿𝑖𝑥(𝜏))
𝑇
𝐿𝑖+1𝑥(𝜏)𝑑𝜏

𝑡

𝑡−𝑇

 

 

𝐾𝑖+1 = −𝐵1
𝑇𝑃𝑖  ,   𝐿𝑖+1 = 𝛾−2𝐵2

𝑇𝑃𝑖 
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𝑥 = 𝑀𝑧 + 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0),   𝑥𝑇𝑄𝑥𝑥 = 𝑦𝑇𝑄𝑦𝑦 

(𝑀𝑧(𝑡) + 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0))
𝑇
𝑃𝑖 (𝑀𝑧(𝑡) + 𝑒(𝐴−𝐹𝐶)𝑡𝑥(0))

− (𝑀𝑧(𝑡 − 𝑇) + 𝑒(𝐴−𝐹𝐶)(𝑡−𝑇)𝑥(0))
𝑇
𝑃𝑖

× (𝑀𝑧(𝑡 − 𝑇) + 𝑒(𝐴−𝐹𝐶)(𝑡−𝑇)𝑥(0))

= −∫ 𝑦𝑇(𝜏)𝑄𝑦(𝜏)𝑑𝜏 −
𝑡

𝑡−𝑇

∫ (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0))
𝑇𝑡

𝑡−𝑇

× (𝐾𝑖)
𝑇
(𝐾𝑖) (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)) 𝑑𝜏

+ 𝛾2 ∫ (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0))
𝑇𝑡

𝑡−𝑇

× (𝐿𝑖)
𝑇
(𝐿𝑖) (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)) 𝑑𝜏

− 2∫ (𝑢1(𝜏) − 𝐾𝑖 (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)))
𝑇𝑡

𝑡−𝑇

× 𝐾𝑖+1 (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)) 𝑑𝜏

+ 2𝛾2 ∫ (𝑢2(𝜏) − 𝐿𝑖 (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)))
𝑇𝑡

𝑡−𝑇

× 𝐿𝑖+1 (𝑀𝑧(𝜏) + 𝑒(𝐴−𝐹𝐶)(𝜏)𝑥(0)) 𝑑𝜏. 

 نوشته شد. 4تا قسمت اول صفحه ی 

 


